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Abstract

son purposes before the birth of the NFL theorems and they
are used even today (12 years later after the birth of the
NFL theorems). Evolutionary multi-criteria optimization
was treated in a similar manner: most of the recent algorithms in this field were tested on several artificially constructed test problems proposed in [2, 4, 8].
Roughly speaking, the NFL theorems state that all the
black-box optimization algorithms perform equally well
over the entire set of optimization problems. Thus, if an
algorithm A is better than another algorithm B on some
classes of problems, the algorithm B is better than A on
the rest of the problems.
As a consequence of the NFL theories, even a computer program (implementing an Evolutionary Algorithm
(EA)) containing programming errors can perform better
than some other highly tuned algorithms for some test problems.
Random search (RS) being a black box search / optimization algorithm should perform better than all of the
other algorithms for some classes of test problems. Even
if this statement is true, there is no presentation in the specialized literature of a test problem for which RS performs
better than all the other algorithms (taking into account the
NFL restriction concerning the number of distinct solutions
visited during the search). However, a problem which is
hard for all Evolutionary Algorithms is presented in [5].
Three questions (on how we match problems to algorithms) are of high interest:

According to the No Free Lunch (NFL) theorems all
black-box algorithms perform equally well when compared
over the entire set of optimization problems. An important
problem related to NFL is finding a test problem for which a
given algorithm is better than another given algorithm. In
this paper we propose an evolutionary approach for solving this problem: we will evolve multi-objective test functions for which a given algorithm A is better than another
given algorithm B. The evolved functions are represented
as binary strings. Several numerical experiments involving PESA and NSGA II are performed. The results show
the effectiveness of the proposed approach. Several multiobjective problems for which PESA performs better than
NSGA II and several multi-objective test problems for which
NSGA II performs better than PESA have been evolved.

1. Introduction
Since the birth of the No Free Lunch (NFL) theorems
in 1995 [15, 16], the trends of Evolutionary Computation
[7] have not changed at all, although these breakthrough
theories should have produced dramatic changes. Most researchers chose to ignore these theories: they developed
new algorithms that work better than the old ones on some
particular test problems. The researchers have eventually
added: “The algorithm X performs better than another algorithm on the considered test problems”. That is somehow useless since the proposed algorithms cannot be the
best on all the considered test problems. Moreover, most of
the problems employed for testing algorithms are artificially
constructed.
Consider for instance, the field of evolutionary singlecriteria optimization where most of the algorithms were
tested and compared on some artificially constructed test
problems (most of them being known as De’Jong test problems) [6, 17]. These test problems were used for compari-
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• For a given class of problems, which is (are) the algorithm(s) that performs (perform) better than all other
algorithms?
• For a given algorithm which is (are) the class(es) of
problems for which the algorithm performs best?
• Given two algorithms A and B, which is (are) the class
(es) of problems for which A performs better than B?
Answering these questions is not an easy task. All these
problems are still open questions and they probably lie in
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the class of the NP-Complete problems. If this assumption
is true it means that we do not know if we are able to construct a polynomial algorithm that takes a problem as input
and outputs the best optimization algorithm for that problem (and vice versa). Fortunately, we can try to develop a
heuristic algorithm able to handle this problem.
In this paper we develop a framework for constructing
multi-objective test problems that match a given algorithm.
More specific, given two evolutionary algorithms A and B,
the question is What are the multi-objective problems for
which A performs better than B (and vice-versa). The involved algorithms are PESA [9] and NSGA II [3]. For
obtaining such problems we will use an evolutionary approach: the functions matched to a given algorithm are
evolved by using the Genetic Algorithms (GAs) [7].
The paper is organized as follows: in Section 2 we briefly
review NFL-related research. Section 3 provides some standard preliminaries and notation. A metric for performance
is presented in Section 4. The evolutionary model used for
discover test problems represented as binary strings and the
fitness assignment process are described in Section 5. The
algorithms used for comparison are described in Section 6.
Several numerical experiments are carried out in Section 7.
Finally, Section 8 concludes our paper and summarizes the
further work directions.

Meanwhile, universally, NFL theorems are discussed in
terms of single-objective optimization problems. One exception can be found is the early work of Radcliffe [12],
which once notes that the domain of the problems concerned could be multi-objective. More recently (in 2003),
Corne and Knowles [1] have confirmed that the classic NFL
theorem holds for general multi-objective fitness spaces,
and have shown how this follows from a ’single-objective’
NFL theorem. They have also shown that, given any particular Pareto Front, an NFL theorem holds for the set of all
multi-objective problems which have that Pareto Front.

3. The search space
Using similar notation to that in [16, 1], we have a multiobjective optimisation problem f with k objectives that can
be given as a mapping f : X → Y , where X is the search
space and Y a set of ’fitnesses’; we will generally assume
minimization for all the k criteria. F = Y X is the space of
all problems.
If the mapping f is a multi-objective one, than it can be
written as f = (f 1 , f 2 , . . . f k ) and, in this case, we can
write Y as:
Y = Z1 × Z2 × . . . × Zk .
Without loosing the generality, in our numerical experiments we have assumed that Z1 = Z2 = . . . = Zk = Z. In
this case, Y becomes Z k .
The size of F is clearly |Y ||X| = k × |Z||X| .
Because our aim is to find (by evolution’s help) some
problems for which an algorithm performs better than another one, we will evolve multi-objective test functions represented as binary strings. We employed this representation
for the test functions because in this way we can evolve any
function without being constrained to a given set of operators as in the case of functions generated using GP [10].
In this case, our analysis is performed in the finite search
space X [14]. The space of possible “cost values”, Y k ,
is also finite. The restriction to the binary search spaces
is not a hard one since all other values can be represented
as binary strings. Thus X = {0, 1}n , Z = {0, 1}m and,
consequently,

2. Related work
There are several important proofs of NFL since Wolpert
have proposed for the first time the theorems in 1995 (for
search [15]) and 1997 (for optimisation [16]).
For instance, in 1995 Radcliffe [12] has reviewed the implications of NFL with a focus on representation issues.
More recently, in 2000, Whitley [14] showed that a general NFL result holds over the set of permutation functions,
that is, problems in which every point in the search space
has a unique objective function value.
A ’sharpened’ NFL result is proved in [13], which shows
that the NFL holds over a set of functions F , if and only if
F is closed under permutation.
In 2004, Oltean [11] has proposed an evolutionary approach for finding a single-objective function for which
Random Search is better than another standard evolutionary algorithm: he has evolved single-objective test functions
for which a given algorithm is better than another given algorithm. Two ways for representing the evolved functions
were employed: as Genetic Programming (GP) trees and as
binary strings. The results of the numerical experiments
have shown the effectiveness of his approach: functions
for which Random Search performs better than other evolutionary algorithms have been successfully discovered. The
curent paper extends the results presented in [11] for the
multiobjective problems.

Y = {0, 1}m × {0, 1}m × . . . × {0, 1}m .
{z
}
|
k times
As we already mentioned, a multi-objective optimization
problem f is represented as a mapping f : X → Y , or as
f : X → Z k . The set F = Y X denotes the space of all
possible problems. The size of F is |Y ||X| = k × |Z||X| .
In our experiments n = 16 and m = 8. Thus |X| =
216 = 65536 and |Z| = 28 = 512. The number of optimization problems in this class is |Y ||X| = k × (28 )65536 .
Each test problem in this class can be stored in a string of

870

5. Evolutionary model and the fitness assignment process

|X| × k × 8bits = 65536 × k × 8bits.
Within this huge search space we will try to find test
problems for which a given algorithm A is better than another given algorithm B.

5.1. The model
Our aim is to find a multi-objective test function for
which a given algorithm A performs better than another
given algorithm B. The multi-objective test function that
is being searched for will be represented as strings over the
{0, 1} alphabet as described in section 3.
The algorithm used for evolving these functions is a standard steady state GA that works with a binary encoding of
individuals [7]. Each multi-objective test problem in this
class can be stored in a string of 65536 × k × 8bits, where
k represents the number of objectives.
The most important aspect of this algorithm regards the
way in which the fitness of an individual is computed. The
quality of the test function encoded in a chromosome is
computed as follows: The given algorithms A and B are
applied to the test function. These algorithms will try to
optimize that test function.

4. Metrics of performance
Many metrics for measuring the convergence of a set of
nondominated solutions towards the Pareto front have been
proposed. Almost all of these metrics were constructed in
order to directly compare two sets of nondominated solutions. There are also approaches which compare a set of
nondominated solutions with a set of Pareto optimal solutions if the true Pareto front is known.
In our case, we need the first metric type that compares
two sets of nondominated solutions. For this purpose we
have chosen the S metric.
The S metric has been introduced by Zitzler in [19] and
improved in [18]. It measures how much of the objective
space is dominated by a given nondominated set N dS or,
with other words, the size of the dominated space.
Let X be the set of decision vectors for a particular problem and N dS = {x1 , x2 , . . . , xt } ⊆ X a set of t decision vectors. The function S(N dS) gives the volume enclosed by the union of the polytopes p1 , p2 , . . . , pt , where
each pi is formed by the intersection of the following hyper planes arising out of xi , along with the axes: for
each axis in the objective space there exist a hyper plane
perpendicular to the axis and passing through the point
(f1 (xi ), f2 (xi ), . . . , fk (xi )).
In the two-dimensional case, each pi represents a rectangle defined by the points (0, 0) and (f1 (xi ), f2 (xi )). An
example for two-dimensional case is presented in Figure 1.

GA
…
Selection
Crossover
MOEAs

Mutation
Test function
Evaluation
Dif

MOEA1=>sol1
MOEA2=>sol2
Dif=Met(sol1)-Met(sol2)

…

Figure 2. Sketch of the hybrid approach. The
quality of a GA chromosome is computed as
a difference between the results of applying a
performance metric to the solutions computed
by two multi-objective evolutionary algorithms
(MOEAs).

f1
X1
X2
X3
X4
X5

Because we evolve multi-objective test functions, the
optimal solution of such function can be represented as a
Pareto front. To compute the performances of the multiobjective algorithms some measures of performance were
also introduced. Most of them are applied to the final nondominated set. It is now established that more than one
metrics are necessary to evaluate the performances of the
multi-objective evolutionary algorithms. Zitzler [18] has
recently shown that for an k-objective optimization problem, at least k performance metrics must be used. In our
case, we can consider that a convergence metric is sufficient in order to assess and to compare the performance of
two multi-objective algorithms.

f2
Figure 1. The S metric for the case of
two objective functions and 5 decision vectors
(x1 , x2 , . . . , x5 ) for a minimization problem.

In the three-dimensional case, each polytope pi represents a parallelepiped defined by the points (0, 0, 0) and
(f1 (xi ), f2 (xi ), f3 (xi )).
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5.2. Fitness assignment process

archive is associated with a particular hyper-box and has a
“squeeze factor” (equal to the number of other individuals
from archive which inhabit the same box). Also, environmental selection (archive update) uses the same selection
criteria (based on this “crowding measure” for individuals
from archive). The difference between environmental and
mating selection is made by the selection process that is deterministic, respectively randomized.
In NSGA II the pool of individuals is split into different
fronts (each front has assigned a specific rank). All individuals from a front Fi are ordered according to a crowding
measure (equal to the sum of distances to the two closest
individuals along each objective). The environmental selection is processed based on these ranks. The archive will be
formed by the non-dominated individuals from each front
(beginning with the best ranking front). Like in PESA, also
mating selection is based on the ranking criteria. The new
population (obtained after environmental selection) is used
for selection crossover and mutation to create a new population. It is important to note that NSGA II uses a binary
tournament selection operator but the selection criterion is
now based on the crowding comparison operator.

We have used the S metric in order to compare the solutions computed by two multi-objective evolutionary algorithms. More exactly, we have computed the metric S for
the solution computed by each algorithm A and B - SA and
SB . The fitness of a GA individual will be the difference
between these two area:
• if SA ≤ SB then the algorithm A has found a better
solution than algorithm B
• if SA ≥ SB then the algorithm B has found a better
solution than algorithm A
To avoid the lucky guesses of the optimal points (fronts),
each algorithm is run 50 times and the results are averaged.
Then, the fitness of a chromosome encoding a test function
is computed as the difference between the performances of
the two algorithms.

6. Algorithms used for comparison
We describe two multi-objective evolutionary algorithms
used for comparison purposes:

7. Numerical Experiments

• PESA (Pareto Envelope-based Selection Algorithm
[9]),

Several numerical experiments for evolving multiobjective problems matched to a given algorithm are performed in this section. The algorithms used for comparison
have been described in Section 6. Both algorithms work
with a binary chromosome representation.
The parameters used by PESA and by NSGA II in order
to compute the quality of a GA chromosome are given in
Tables 1 and 2.
The parameters of the GA that have been used for evolving multi-objective test functions are given in Table 3.

• NSGA II (Nondominated Sorting Genetic Algorithm
II [3]).
Apart from standard parameters such as crossover and
mutation rates, PESA has two parameters concerning population size, and one parameter concerning the hyper-grid
crowding strategy. Therefore, it must be specified the size
of the ’internal’ population (IP ) and the maximal size of
the archive, or ’external’ population (EP ).
Firstly, each chromosome from the ’internal’ population is generated and evaluated and EP is initialised to the
empty set. Than, the non-dominated members of IP are
incorporated into EP . If a termination criterion has been
reached, then stop, returning the set of chromosomes in EP
as the results. Otherwise, delete the current contents of IP ,
and repeat the following until |IP | new candidate solutions
have been generated: with probability pc , select two parents from EP , produce a single child. With probability
(1 − pc ), select one parent and mutate it to produce a child.
Finally, return to incorporate the non-dominated members
of IP into EP .
PESA works with a special selection procedure: the mating selection which is based on a crowding measure and it
is performed over the archive members. Crowding strategy works by forming an implicit hyper-grid which divides
phenotype space into hyper-boxes. Each individual in the

Table 1. The parameters of the PESA used for
numerical experiments
Parameter
Representation
Internal population size
External population size
Number of iterations
Crossover type
Crossover probability
Mutation type
Mutation probability
Grid size (the number of divisions per
dimension)

Value
Binary
10
100
100
Uniform
0.7
Strong
0.05
10

We have performed two series of experiments:
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• one for comparing the two multi-objective evolutionary algorithms when they work with two objectives
(k = 2) and

Table 4 shows that the proposed approach made possible the evolving of multi-objective test functions matched to
both given algorithms (all fitness values are negative). The
results of these experiments give a first impression of how
difficult the problems are. Several interesting observations
can be made:

• another experiment for three objectives case (k = 3).
The small number of generations (only 10) has been
proved to be sufficient for both experiments performed in
this paper.

• for both values of objective number (N O), the difference between PESA and NSGA II is smaller than the
difference between NSGA II and PESA
• for both comparison (PESA vs NSGA II and, respectively, NSGA II vs PESA) the difference between the
two MOEAs increases with the number of objectives

Table 2. The parameters of the NSGA II used for
numerical experiments

Parameter
Representation
Population size
Number of generations
Crossover type
Crossover probability
Mutation type
Mutation probability

Value
Binary
100
100
Uniform
0.7
Strong
0.05

Therefore, the GA algorithm was able to evolve multiobjective functions for which an MO algorithm was better
then another MO algorithm.

8. Conclusions and Further Work
In this paper, a framework for evolving multi-objective
test problems that are matched to a given algorithm has been
proposed. Numerical experiments have shown the efficacy
of the proposed approach: multi-objective test problems for
which an optimisation evolutionary algorithm performs better than another optimisation evolutionary algorithm have
been successfully evolved.
Further research will be focused on the following directions:

Table 3. The parameters of the GA algorithm
used for numerical experiments
Parameter
Population size
Number of generations
Crossover type
Crossover probability
Mutation type
Mutation probability
Chromosome length
Runs
a where

Value
10
10
Uniform
0.9
Point mutation
0.01
k × 16 × 8 bits a
30

• Proving that the evolved test problems are indeed hard
for the considered multi-objective evolutionary algorithms.
• Evolving test problems using GP technique (instead of
a simple GA). In this case, it is possible to evolve realvalued functions, not only binary ones.
• Finding the set (class) of test problems for which an
algorithm is better than the other.

k represents the number of objectives

Results are given in Table 4. For each pair of multiobjective algorithms (PESA vs NSGA II and NSGA II vs
PESA) is given the average (over 30 runs) of best fitness
scored by an individual (encoding a test function) for which
one algorithm performs better than the other algorithm.
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